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Abstract 

In lines 8-11 of ^ pp. 2977] (|irXEL0806,0425 [math.SG], 3 Jun 2008) we wrote: 
"For integer m > 3, if M is C™-smooth and C™"^-smooth L : E x TM M satisfies 
the assumptions (L1)-(L3), then the functional Cr is C^-smooth, bounded below, 
satisfies the Palais-Smale condition, and ah critical points of it have finite Morse 
indexes and nullities (see [T, Prop. 4.1, 4.2] and ^)." However, it was recently proved 
in [2] (arXiv:0812.4364 [math.DS], 23 Dec 2008) that the claim of C^-smoothness of 
in [H Prop. 4.1] is only true if for every (t, q) the function v ^ L{t, q, v) is a polynomial 
of degree at most 2, and that the functional Cr is only C^^'^ under the assumptions 
(L1)-(L3). So the arguments in |!l2j is only valid for the physical Hamiltonian in (1.2) 
and corresponding Lagrangian therein. Fortunately, the generalizations of Morse 
lemma in [8] or [10] can be used to overcome this defect. In this note we shall correct 
our arguments in [12] with a generalized Morse lemma in [8j . There also exists another 
method to overcome this difficulty, see [13j f a rXiv:0810.2108 [math.DS] . 12 Oct 2008). 
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1 Jiang's generalization of Morse lemma 

We only need a special case of the generalization of Morse lemma by Ming Jiang [S] 
(i.e. the case X = Y). 

Let H he a Hilbert space with inner product (■, •) and the induced norm || • ||, and 
let X be a Banach space with norm || • such that 

(SP) X C H and the inclusion is continuous. 

For an open neighborhood W of the origin 6 H, WCiX is also an open neighborhood 
of in X. Suppose that a functional C : W satisfies the following conditions: 

(FNl) C\wnx eC'^{WnX,R). 

(FN2) There exists AeC^iWnX, X) such that 

d{C\wnx){x){0 = yx eWnX and^ £ X. 

(FN3) There exists a continuous map B : W X ^ L{H, H) such that 

d\C\wnx){x){i, v) = {B{x% v)yxeWnX and^,ve X. 

(These imply: A'{x) = B{x)\x and B{x){X) C X\/x eWnX. Such maps A and 
thus B are unique if X is dense in H.) By fS', Prop. 2.1], (FN3) is implied in (SP), 
(FNl) and the following two conditions: 

(FN3a) \/xeWriX,3 C{x) > such that 

\d\C\wnx)ixmv)\ < C{x)m\ ■ M Ve,r/ G X. 
(FN3b) Ve > 0, 3 5 > such that xi,X2 eW D X with ||xi - X2\\x < then 
\d\C\wnx){ximv) - d^{C\wnx){x2m,v)\ < eUW ■ M V?,^ G Y. 
Furthermore, suppose also that 

(CPl) The origin 6 G X is a critical point of C\wnx, is either not in the spectrum 
a{B{6)) or is an isolated point of a{B{9)). 

(CP2) If^eH such that B{9){£,) = r] for some rj^X, then ^ G X. 

The final condition (CP2) implies that N := Ker(i?(0)) is contained in X. Clearly, 
is closed in X and H, respectively. Let A^-*- be the orthogonal complement of A'^ 
in H, and P : H ^ be the orthogonal projection. Denote by X^ = X f] N-^ = 
{Ih — P)iX). Then there exist the following topological direct sum decomposition: 

H = NeN-^, X = N®X^. 

Theorem 1.1 (|8| Th.2.5]) Under the above assumptions (SP), (FN1)-(FN2) and 
(CP1)-(CP2), there exists a hall Bf of {X, \\ ■ \\x), origin-preserving local home- 
omorphism ip defined on B^ and a map h : Bf n N ^ X-^ such that 

£ o (p{x) = ^{B{9)x^,x^) + C{h{z) + z) Vx G , 

where z = P{x) and X"*- = {Ix — P){x)- 
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Let E(t) be the spectral resolution of the self-adjoint operator B{9) on H. Since 
the spectrum a{B{9)) is a bounded closed subset in M, it follows from (CPl) that 
there exists a small e > such that [— e,e] H a{B{6)) C {0}. Let 

/— e r+co re 

dE{t), = dE{t), po = / dE{t). 
oo Je J —£ 

Then N = P^{H) = H° and P = P+ + P' . Denote by = P^{H). Clearly, 
each linear subspace of X on which d^{C\wr\x){G) < is contained in . By an 
elementary functional argument we can get 

Lemma 1.2 If X is dense in H and dmiH^ < oo, then C X, i.e. is the 

maximal subspace of X on which d^{C\wnx){G) < 0. 

Definition 1.3 Under the assumptions of Lemma \l.S\ d\m.H^ and dim N are called 
the Morse index and nullity of C at 9 £ H, respectively, and still denoted by 

m~{C,9) and m°{C,9). 

Corollary 1.4 (Shifting) Let 9 be an isolated critical point of C\wnx- Assume that 
dimA^ < oo and that C X is of finite dimension. Then 

CgmWnX,0) = Cq-j{C°,9), 

where j := dim.H~ and C°{z) = C{h{z) + z) Vz E Bf n N as in Theorem 
Furthermore, if 9 is also an isolated critical point of C, and X is dense in H, then 

CgiC,9) = Cg.j{C°,9). 

So Cg{C,9) / implies 0<q-j< dimiV orm-{C,9) <q< {C, 9) + {C, 9) . 

Proof. The second claim may follow the first one and a theorem due to Palais (cf. 
[H p. 14]). We shall follow the ideas of proof in [5l Th.5.1.17] to prove the first claim. 
We can assume C{9) = 0. Note that H~ C X implies 

X- ■.= xr\H- = p-{x), X+ := X n = P+ {X) 

and topological direct sum decomposition X = N (B X~ © X~ . Since (p is an origin- 
preserving local homeomorphism defined on B^ we can assume that JC\wnx is of the 
form 

C\wnx{x) = /i(x^) + C{h{z) + z) Vx € , 
where z = P{x) G iV, x"^ = x+ + = P+x + P^x E X+ © X" and 

/i(x^) = l(5(0)x^,x^) = i(P(e)x+,x+) + i(i?(0)x-,x-). 

Since dim < oo, one can construct a function /2 on satisfying the (PS) condition 
and such that f2{z) = C{h{z) + z) for all z in a neighborhood of 9 in A^. 
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Let Xi = X-^ and X2 = N. Take an isolated neighborhood Ui of 9i for fi in 
Xi, i = 1,2. We can assume that Ui C e,e] for some e > and i = 1,2. Let 

r]{s) = rj{s,u) be the flow defined by the equation (8) in [S], i.e., 

B(e)r](s) 

on X-^ \ {d}. Denote by Ui the smallest ry-invariant set containing Ui, i = 1,2. Then 
Wi = Ui f] e, e] is also an isolated neighborhood of di for fi, i = 1,2. Take a 

strong deformation retract deforming (/2)e to (/2)o) and define a deformation 

(pix-^, z, t) = x' + {1- t)x^ + il^iz, t). 

One can get the desired result as in the proof of [5, Th.5.1.17]. □ 

Corresponding to the above theory one can get the corresponding generalization 
of the theory in [41 Section 7.3]. Instead of this we shall show that Theorem 11.11 is 
sufficient in the present case; see Section 3. 



2 Modified variational setup 

For integers m > 3 and /c £ N, a compact C""-smooth manifold M without boundary 
and C^-^-smooth L : R x TM M satisfying the assumptions (L1)-(L3) in [El 
Section 1], the functional 

pkr 

Ckril) = / L{t,-f{t),^{t))dt 

Jo 

on the C^-^-smooth Hilbert manifold Ekr = W'^''^{Skr, M), where Skr ■= M//crZ = 
{[s]kT I [s]kT = s + krZ, s G M}, is C^~'^-smooth, bounded below, and satisfies the 
Palais-Smale condition (cf. [21 Prop. 2. 2]). By pf, Th.3.7.2], all critical points of Ckr 
are all of class C"^~^ and therefore correspond to all A;r-periodic solutions of the 
Lagrangian system on M: 

d /dL\ dL ^ 
dt \ dqi ) dqi 

in any local coordinates (gi , • • • ,qn)- In the following we shall show that the functional 
Cf^T- satisfies the setting in Section 1 and give the revision of p!2l Section 3]. 

Firstly, by the condition (L2) and [6l pp.175], the functional Ckr is C^-smooth on 
the C^-Banach manifold 

Xkr ■.= CHSkr,M) 

with the usual topology of uniform convergence of the curves and their derivatives. 
So Ckr has the same critical point set on Ef^j- and X/^^-. Denote by Ckr = ^krlx^T- 
The second-order differential d'^Ckrilo) of Ckr at a critical point 70 G X^t is an 
invariantly defined symmetric bilinear form on Tj^^X/^^ = C^(7qTM). Let 

"^fcr(7o) (resp. m2^(7o) ) (2.1) 
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denote the maximal value of dimensions of linear subspaces L C T^^X^r on which 
cPCkrijo) < (resp. d^Ckrijo) = 0). Then the assumptions (L1)-(L3) implies that 
both mjIj_(7o) and m^^(7o) are finite as showed below. We roughly call them the 
Morse index and nullity of Ckr and Ckr at 70 because they paly the same roles. 

By the proof of Theorem 3.1 in [12], near a critical point 70 (which is C^-smooth 
due to our assumptions) we can pullback L to L : M x Bp{0) x M" by [12, (3.15)]. 
Let 7 G Ci(5fcr,5p(0)) (or W^i'2(5fc^, 5^(0))) be the pullback of 7 G C^{Skr,M) (or 
W^''^{SkT, M)) near 70 by the coordinate chart as in [12l (3.8)]. Then 70 = 0. 
Let 

f-kr 

Ckr{a)= / L{t,a{t),ix{t))dt Va G T^^'2(5fc,, 5"(0)), 

JO 

Z,.,(d) = r L{t, a{t), (i(t)) dt Va G C\Sk^, 5^(0)). 
Jo 

Then G C^iSkr, (0)) is the critical point of both. By [HI (3.10)], 

jC-kr = j^kr ° <PkT and Ckr = C-kr ° <PkT (2-2) 



In the following we shall prove that the functional £ = C^r, X = C^{SkT 



H = Wi'2(5fc^,R") and W = ^^^'^(5^^, 5"(0)) satisfy the conditions of TheoremUT 



Recall that 

f fer 



dCUim = {d^L (t,7(t),4(t)) • m + D,L (t,7(t),^(t)) • kt)) dt 
for any 7 G ^^^'2(5^^, 5"(0)), ^ G VFi'2(5fc^, M") and A: G N, and that 



fcr 



d^Ckr{imv) = [D,,L{t,j{t),j{t)){m,m) 

+Dgi,L{t,j{t),^{t)) {m,fi{t)) 

+D^gL {t,j{t),^{t)) (|(t),r/(t)) 

+D^qL {t,j{t),^{t)) {m,v{t))) dt (2.3) 

for any 7 G C^{Skr, B^{0)), G (7^(5'/,^, M") and A; G N. By ([22]), it is clear that 

m^^i-fo) =m-{d^lkr{0)) and mt{-/o) = m\d%r{0)), (2.4) 

where m^((i^/3fcT-(0)) (resp. m^(d'^ £^,,-{0))) is the maximal value of dimensions of 
linear subspaces L C C^{SkT,^'^) on which d'^Ck^{0) < (resp. (i2ZA;r(0) = 0). 

Let VCkril) € VF^'2(5fc^,R") be the gradient of Ckr at 7 G ^'^'^(^fc^, S;^(0)). If 
7 G Ci(Sfc,,5^(0)) and I G C^Skr,^, then 

dCkT{l){0 = dCkrilW) = {VCkT{7),i)w^,2. 
We need to compute V Ckr{l) G TV^'^(S'fcT, K")- For s G M let us define 

Gkriim = j [d^L {t, 7it)Ait)) - ^ / {t, 7{t)Ait)) dt] dt. (2.5) 
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Then Gkrij) is a fcr-periodic primitive function of the function 



2 f'kr 

s ^ DijL {s,j{s),^{s)) - — J Di,L{s,^{s),j{s))ds 



and that 



kr 



D,L{t,j{t),^{t)) -mdt 



kr r- 



kr 



D^L{t,^{t),j{t)) - — I DiL{t,^{t),j{t))dt ■C{t)dt. 



Hence 



(V£fcT(7),0Tyi.2 

kr 

[d^L (t,7(t),^(t)) • m + D,L {t,j{t),^{t)) ■ dt 

Lemma 2.1 If f & L^{St,^^) is bounded, then the equation 

x"{t) - x{t) = fit) 
has an unique T-periodic solution 

x(t) = -y^ e'-^f{s)ds + -j^ e'-'f{s)ds. 



(2.6) 



Since 



kr 



DfL{t,^{t)Mt)) - Gkrmt)) -mdt 



is a bounded linear functional on l^^'^(S'fcT-, M"), the Riesz theorem yields an unique 
F(7) G l^i'2(5fc^,M") such that 

'"(D,-L(t,7(t),i^(t)) -Gfc.(7)(i)) ■mdt = {F{^),i)w.a (2.7) 
for any | G ^^^'2(5'^^, R"). It follows from this and that 

V4r(7) = Gfe,(7) + i^(7)- (2.8) 
By Lemma |2.H (|2.7|) and a direct computation we get 



Fmt) = I e-^[Gkrms)-D^L{s,jis),^is))) ds 



+ 



(Gkrms) - DfL[s,^{s)Ms))] ds 
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for any t G M. This and (fZB lead to 



+ e'(^Gkrms)-DqL{s,j{s),^{s))) ds + Gkriim, 

-VCUim = ^'\Gkrms)D^-L{s,%s),j{s))) ds 

- V/ e^(Gfc.(7)(^)-D,-^(5,7(^),^(s))) 
+ D,L{t,^{t),^{t))-— D,L{s,7is),^{s)) ds, 
where Gkril) is given by (j2.5p . It follows that 



7 € Cn5fe,,M") ^ VCkril) e Ci(Sfc.,M") and 

CH^fcr, 5p (0)) 9 7^ V£fc^(7) € is continuous. 



(2.9) 



Define A^r ■ C^Sfc., i3;(0)) ^ Ci(5fc,,M") by ^^,(7) = V4r(7)- 
Lemma 2.2 Aj.^ is continuously differentiahle. 

Proof. For 7 G C^(S'fc^, 5;^(0)) and ^ G Ci(S'fe^,M"), a direct computation gives 

G'krmm) = f \D,iL {s,^{s)Ms)) ■ as) + D,,L {s,^{s)A{s)) ■ i{s) - 
Jo '- 

(^DigL{s,j{s),^{s)) ■i{s)+Dii^L{s,^{s)A{s)) ■ i{s)) ds^. 

jG'krmm) = D,iL {t,^{t)Mt)) ■ m + d,,l {t,^{t)Mt)) ■ - 

(^DigL{s,j{s),^is)) ■i{s)+DiiiL{s,jis),^{s)) • ds. 
Since L is C^, it follows that for any e > there exists 6 = (5(7) > such that 

\\{GUi + ^-GiA7)m\\c-<4i\\c^ 

for any h G C^{Skr, B'^iO)) with \\h\\c^ < 5 and | G C7i(5fe^,M"). Namely 
C\Skr,B^m 9 7^ Gkril) e Ci(5fc„M") is G^ - smooth. 
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Similarly, we have 

-Dg^L{s,^{s),j{s)) -iis)^ ds 

-Dg,L{s,^is)A{s))-iis)) ds + G',,{mm, 
-DgijL{s,^{s),j{s)) -iis)^ ds 

-D^,L{s,^{s)A{s))-i{s)) ds+j^Gumm. 

From them it easily follows that for any e > there exists 6 = (^(7) > such that 

\\{AU7 + h)-AUmi)\\c^<4i\\c^ 
for any h G C^{Skr, B'^iO)) with \\h\\ci < (5 and | € Ci(5fc^,M"), and thus 

\\A',^{^ + h)-A',^{j)\\c^<eU\\ 

for any h G C^{SkT, B'^{0)) with \\h\\ci < 6. This proves that Akr is C^. □ 

In summary, the functional C^r satisfies the condition (FN2) in Section 1 for 
X = C\Skr,^n, W = W^'\Skr,B^m and A = VCkrlwnx- 

Remark 2.3 For 7 G C^{Sr, B'^iO)) and 7'= G C^^fcr, (0)), /c G N, we have 
VUrif m = t j\-s(^Grms)-DfL{s,^{s)Ms)))ds 

+ ^£ e^[Grms)-D^L{s,^{s)Ais))) ds + Grmt), 

which is also r-periodic. 

By ()2.3p it is easily checked: 

(i) For any 7 G C^{SkTT Bp {0)) there exists a constant C(7) such that 

\d^lkrmiv)\ < cmiiWw^^^ ■ WvWw^^^ v|,77 g c\Skr,^n; 

(ii) Ve > 0, 36 >0, such that for any 71,72 G C^(5fc^, 5^(0)) with ||7i -72IIC1 < ^ 
the following holds: 

|d'4r(7i)(e,^) - d'Ikr{l2)ilv)\ < 4i\\w^^^ ■ Mlw^.'^ V|,r/ G C^(5fc„M"). 

8 



Hence by [8], Prop. 2.1] there exists a continuous map 

Bkr : C\Skr,B;m ^ L{W^^\Skr.^n,W^'\Skr.^^)) 
such that for any 7 e C^{Skr, B'^{Q)) and G 

d2Zfc,(7)(f,^) = (i3fc,(7) • lfi)w^,2. (2.10) 

Since the right side of (j2.3p can be extended into a bounded symmetric bihnear form 
on VF^'2(5fc^,M"), Bkr{l) is a bounded self-adjoint operator on M"). Set 

= Z?ccL(t,0,0), Q(t) = £'gsL(t,0,0), = Z),-,-L(t,0,0), 

L(t, y, = ]^P{t)v ■ V + Q{t)y ■ v + • y and 

fkriy)= L{t,y{t)M))dt Vy GTy^'2(5fc,,M"). 

JO 

Then /fc^ is C2-smooth on W^''^{Skr,W') and C^{Skr,W'), and y = G ^^^'2(5^^, M") 
is a critical point of fkr- It is also easily checked that 

f fcr 

' dt 



kr 



Jo L J 

%i,L (t, 0, 0) + Dg,L (t, 0, 0) {m,fi{t)) 

+D^iL (t, 0, 0) r/(t)) + Z),-gZ (t, 0, 0) {m,f,{t))) dt 
= {Bkr{0) ■ lv)w^a ylfj G W^i'2(Sfc.,M"). (2.11) 

Lemma 2.4 B^riO) satisfies the conditions (CP1)-(CP2). 

Proof. Firstly, it follows from Lemma |2. II that there exists a linear symmetric com- 
pact operator Qkr ■ TV^'2(S'fcr, K") ^ ^^^'^(S'fcr, IR") such that 

/ m ■ f,{t)dt = {Qkrlfl)w^,^ V^;7?GT^i'2(5fc,,M"). 

JO 

Note that for sufficiently large M > there exists a J > such that 

/•fcr 

M / f(t) ■ f(t)dt + d^hrmli) > mfwi,2 vf G T^^'2(5fc,,M"). 

Jo 

Hence := MQkr + -Bfc^(O) : ^^^'^(Sfc^, R") ^ VFi'2(Sfc^, M") is a bounded linear 
symmetric positive definite operator. Since C^r '■= -^(^fcT)~^QfcT is compact, 

BkriO) = Akr - MQkr = Akril - Ckr) implies 

a) is an isolated spectrum point of Bkr{0), 

b) the maximal negative subspace of B^riO)) in W^''^{SkT,^^) is finitely dimensional 

and is contained in C^{SkT,^'^)- (See the arguments in [Bi p. 176-177]). 
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Next, we prove the regularity of Bkr{0). That is, if ^ G ^^^'^(S'fc^, M") is such that 
Bkr{0)i = C e Ci(5fc^,M"), then | G Ci(Sfc^,M"). To this goal let 



Jkris) = 

for s G M. Then 



kr 



[Pit)m + Q{t)m) - I {p{t)m + Qimmt 



dt 



kr 



.hr{t) = {p{t)m + Qit)m) - ^ I {p{t)m + Qimmt, 

and using the integration by parts we get 



/•kr . rkr 

/ {Pi+QO-fidt= / jkr-fjdt 
Jo Jo 



for any fj £ W^'^{Skr,^"')- Moreover, (j2.1ip gives 



kr 







(Pi + QO ■fl + Q^hfl + Ri-V dt = (C, r?)iyi.2 



for any f] G W ' {Skr,^"')- Hence we have 

f fer 







(0 C + - Jkr) ■ f] dt = {C - JkT,fl)wl,2 



for any t) G VF^'2(5fc^,M"). As in the arguments below it follows that 

„t /'OO 



for any t G M. So 



e 
2" 



e"' Jfer(5) - {s)i{s) - R{s)i{s) ds 



— I e'( Jkris) - Q^'isMs) - Ris)as) ) ds 



t /•OO 



Jkrit) = m - - 

^ Jt 



-t rt 



JkAs)-Q^{s)as)-R{s)i{s)) ds 
( Jkris) - Q^{s)i{s) - R{s)i{s)) ds 



+ 



is continuous in t G M. Note that P{t) is invertible and 

p{t)l{t) + Q{t)m = Jkrit) + ^ j\p{t)l{t) + Q{mt))dt. 

Hence ^(t) is continuous in t, i.e. I G Ci(5fc^,R"). Lemma [23] is proved. □ 
The condition (CP2) implies Ker(Sfe^(0)) C Ci(S'fc^,M"). This and b) yield 



m (d'^CkriO)) =mi,ACkr,0) = m^rifkT,0) and 
mO(c?24,(0)) = m^ACkr,0) = ml^hr,^) 



(2.12) 
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Sit) 



where mj^^{CkT,0) and m^^(>CfcT-,0) are the Morse index and nullity of Ckr at 
G W^^'2(S'fc^,M") as defined in Definition O i.e., mO^(£fe^,0) = dimKer(5fc^(0)) 
and m^^(>CfcT-,0) is the dimension of the maximal negative subspace of i?fcT-(0)) in 
It follows from ([23]) and (|2T^ that for any G N, 

^fcr(7o)="ifc.(Ar,0) and <fnUj^) = mUfkr,0) < 2n. (2.13) 

Let ^' : [0, +oo) Sp(2n,M) be the fundamental solution of the problem u(t) = 
JoS{t)u with ^-(0) = hn- Here 

( p{t)-' -p{tr'Q{t) \ 

[-Q{tfP{t)-^ Q{tfP{t)-^Q{t)-R{t) )■ 

By [121 (2.16)], for any A; G N we have 

m^rifkr,0) = ^fcr(^) and ml^{fk^,0) = lykri'i') 

From this and [12^ Lemma 2.1] we get the following revision of Theorem 3.1 in }12] . 

Theorem 2.5 For a critical point 7 of Cr on Er, assume that j*TM Sj- is trivial. 
Then the mean Morse index 

(7) := lim ' (2.14) 

always exists, and it holds that 

max|o,A;#i~(7) -n| < m^^(7'') < A;fTi^(7) +n-m°^(7'') VA: G N. (2.15) 

Consequently, for any critical point 7 of Cr on E^, m2T-(7^) exists and 

max jo, km^rh'^) - n| < m:^f^^{j'^'') < km2r{-i) +n- m^kril'^'') V/c G N (2.16) 

because (7^)*TM — > S2T is always trivial. 

Similarly, for a critical point 70 of C^^ on EH^r let 

"^Mr(7o) (resp. m?fc^(7o) ) (2.17) 

denote the maximal value of dimensions of linear subspaces S C Ty^EX^r on which 
d'^ctho) < (resp. d^cli^o) = 0). Here 

EXkr = {7 G I 7(-t) = 7(i) Vt G M} 

and >C^^ is the restriction of C^^ to EXf^^-. Then < ^^(70) < 2n for any A; G N. 
The following is our revision of Theorem 3.3 in |12j . 



Theorem 2.6 Let L satisfy the conditions (L1)-(L4). Then for any critical point 7 
ofCf on EHr, the mean Morse index 

mlAl) ■■= lim (2.18) 

k^QO k 



exists, and it holds that 



lkr(.^')+rn%^{7')<n VA: G N if rn.^Al) = 0- (2.19) 
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3 Critical modules under iteration maps 

This section is the revision of \V2\ Section 4]. The passage from the hne 8 of [12\ p. 
2991] to the end of proof of [1^'., Lemma 4.2] is not needed in the following arguments. 
Here is the revised version of Theorem 4.4 in [12j. 

Theorem 3.1 Let 70 € Hr^a) be an isolated critical point of the functional Cr on 
Ht-{oi) such that j^TM — > Sr is trivial. Suppose that for some A; G N the iteration 7g 
is also an isolated critical point of the functional Ckr in Hkricn^), o,nd 

"^fer(7o) = "^r (70) and m^^(7^) = m°(7o). (3.1) 

For c = Cr{'jo) and any small e > 0, suppose that 

{Wr, W-) =: {Wi^o), VF(7o)-) and {W^r, VFfc" ) =: {W{^^), Wi^^)") 

are the topological Gromoll-Meyer pairs of Cr at 70 G H-ria) and of C^r at 7q G 
Hkr{a^), defined by ;i2, (4.6)]. Then 

iWr,W-) C {{Cr)-'[c-e,c + e],{Cr)-Hc-e)), 
{Wkr,W^r) C {{Ckry^[kc-ke,kc + ke],{Ckr)~\kc-ke)), 

ii^'{Wr),ij\W-)) C mr,W^r)^ (3-2) 

and the homomorphism 

ii;^), : H,{Wr, W-;K) ^ H,{Wkr, W^^; K) (3.3) 

is an isomorphism. (Hereafter IC is always assumed to be a field without special 
statements.) Specially, (V'^)* = id, and (tl)^)* o (V'')* = (^'^O* if the iterations 7g and 
7q' are also isolated, and 



^klrho) = = (70) 

"rnlirilo) = rn^rho) = ^?(7o) 



(3.4) 



Proof. Follow the notations in [12\, but 70 in the charts defined by [12^ (3.6), (3.7)] 
is chosen as the present 70. 

Step 1. Let 7o = (</>r)~^(7o)- Then 7q = ((/)jv)~^(7^) = is isolated critical points 
of Cjr = Cjr o (pjr m W^'^{Sjr,M.'') for cach j G N. By ([M]) and (l2T2]l one has 



m^id^CjriO)) = mT{Cjr,0) = m^id^CriO)) = ^-(£,,0) 



(3.5) 



for j = k,l,kl. Let (l^(7o), ^^(70)") and {W{j^),W{j^)-) be the Gromoll-Meyer 
pairs defined above [121 (4.5] (with 7 = 70). By [12, (4.6)] the diagram 

(T^(7o),VF(7o)-) {W{j^),W{j^)-) 

4>T 4>kT 

(M^(7o),W^(7o)-) (VF(7o'),W^(7o')") 
12 



commutes. Note that 

i^r)* ■■ H,{W{%),W {^o)-;K) ^ H,{W{-fo),W{-for;K) and 
icf>kr). : H4Wi^^),W{^^y;K) ^ H,{W{j^),Wi^l)- ■,K) 

are isomorphisms. The question is equivalent to 

Claim 3.2 The map tp^ induces an isomorphism 

Step 2. Recall that the Gromoll-Meyer pairs {W{^q), W{^q)~) and {W{^^), W{^^)-) 
above [12l (4.5)] (with 7 = 70) are with respect to the negative gradient vector fields 
—VCr and —VCkr, respectively. Let Vj^^^ be the flows of —VCjr, j = 1, k. Since 

V;*^(V.C,(7)) = VCkA4^Hl)) V7 G W''\Sr, B;{Q)) (3.6) 

we have 

^'=(r/«(t,7))=r?(^)(t,V;'(7)) V7 G T^^''(5., 5^(0)). (3.7) 
Recafl the proof of [4, Th.5.2]. For j = 1, let 

= yJo<t<oori^'\t,W{^l)), U^^ = l^^<t<oorl^^\t,W{^i)-) 

and be the continuous functions on IJ^_^^ defined by the condition: 

r?(^)(5^,(x),x) G {Cjr)jc-je n ?7|^'\ but 7/(^)(t,x) i {qr)jc-je H C/j'^ if t < ^j{x). 

By p.7p . it is not hard to check that 

Hence for j = l,k, the strong deformation retracts 

: U^/^ X [0, 1] ^ (4r)jc-i. n U^^^ = {Cjr)jc-je n U^/\ (3.8) 
(x,t) 1-^ 7/(-'^(5j(x),a;) 

satisfy 

V;'=(a«(t,x)) =a('=)(t,^'=(x)) V(x,t) G C/^^ x [0,1]. 
These show that the map 

aj^') : f7|^') ^ (4.)ic-,e n X ^ ^(^■)(i, x) 

induces the isomorphism 
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for j = 1, k, and that the following commutative diagram holds: 



For > let 



(3.9) 



~r(i) 



U. 



^o<t<ooV^'\t,W{^i)-), j = l,k. 



Then Vi'^X^]^^) C C/]'''^ and 

\ ^ ^(fc) \ ^^(^(1) \ fj(i)^ ^ fjik) ^ fjik)_ 

From these and the excision property we get the commutative diagram: 



isomorphism 



> F,(C/f\c/f);]K), 



(3.10) 



where two isomorphisms are induced by the inclusions. Since the reversed flows 

il^^\-t) : {Uf \ U^/\ \ ) - {W{%),W{^i)-) , J = 1, k, 
are also strong deformation retracts, as in (j3.9p we get the commutative diagram: 

^*(^(7o),VF(7o)-;K) 



i/.([/f\^«,^7«\^7«-- isomorphism 



'5 '■ 



(fc).- 



(3.11) 



isomorphism 



H,{W{^^),W{^^)--K). 



Finally, by the Deformation Theorem 3.2 in [4j (with the flows of — V>Cjv/|| V>Cjv||jr' 
J = 1, /c) we have also the commutative diagram: 



kc-\-ke 



H,{{Cr)c n u\'\ {{Cr)c \ {0}) n ul'>-i 



H, {(Ckr)kc n u'^+\ {{Ckr)kc \ {0}) n u. 



(fe). 



This and the commutative diagrams (|3.9|) - (j3.11|) show that Claim 13.21 is equivalent 
to 

Claim 3.3 The map tp^ induces an isomorphism 

: H,{{Cr)cnuX\{{Cr)c\{0})nui'^;K) ^ H,{{Ckr)kcnU^^ 
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Using the excision property it is easily proved that Claim [33] is equivalent to 

Claim 3.4 There exist small open neighborhoods C/(^) o/ 70 = € W^''^{Sr, B'^iO)) 
and U^^^ ofj^ = Oe W^^^{Skr,B'^{0)) with 

tP''{U^^y) C C/^'^) and C/^^') C U^^\ j = 1, k, (3.12) 

such that 

: H,{{Cr)cnU'^^\{{Cr)c\{0})nU^^^;K) ^ H,{{Ckr)kc^^^^ 
is an isomorphism. 

Step 3. Since tp^{C\Sr,M.'')) C Ci(5j^,]R") and C^S^v, M") is dense in iyi'2(5j^, R"), 
by Palais theorem (cf. [H p. 14, Cor. 1.1]), the inclusion 

: {(E,r)jc n U^'\ {(Ijr)jc \ {0}) n U^J^) ^ {iCjr)jc H U^^\ {{Cjr)jc \ {0}) H U^^^) 

is the homotopy equivalence, where Cjr is the restriction of Cjr to C^(S'jv, -B^(O)), 
j = 1, k. Note that if)^ o Ii = I^. o ip^. Claim [33] is equivalent to 

Claim 3.5 There exist small open neighborhoods C/(j) 0/7^ = e iyi'2(5j^, S;^(0)), 
J = l,k, satisfying \3.12\) . such that tp^ induces an isomorphism 

{i,%:H,{{Ir)cnU^^\{(Er)jc\{0})nU^'^;K) ^ 

H,{ilkr)jc n U^'l {(Ckr)jc \ {0}) n C/('=);K). 

Note that the inclusion C^{Sjr,'^^) ^ VF^'^(5jT-, IR") is continuous. For any open 
neighborhoods U^^^ of 7^ = € W^^'^{Sj^, (0)), j = 1, k, satisfying (IXT^ . since the 

sets (4v)jc n [/(j) and ((4v)jc \ {0}) n [/(j) are also open in C^{Sjr,^"') (as inverse 
images of open subsets in M^^'^(S'jT-, M")) for j = l,k, we can always take an open 
neighborhood F^J) of E Ci(S'j-^, M"), j = 1, fc, such that 

^^•(y(i)) c and (Zj^)jc n y(j') C (Cjr)jc n j = l, k. (3.13) 

By the excision property of homology groups. Claim [33] is equivalent to 

Claim 3.6 There exists an open neighborhood y(^) 0/ G Ci(5jv,M"), j = l,k, 
satisfying \3.13\) . such that tp^ induces an isomorphism 

ii;"), : H,{(lr)c n v^^\ {(Cr)jc \ {0}) n y(i);K) ^ 

{(Ekr)jc n V^"^ , ((Zfc,),e \ {0}) n V^"^ ; K) . 
Step 4. Let Sjv(O) be as in (|2.10p . We have the orthogonal decompositions 
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where N*^, * = 0, — , + , are the nuh, negative, and positive definite spaces of Bjr{0), 
respectively, j = l,k. Note that N^^ and N~. are contained in C^{Sjr,M."')- So we 
have also topological direct sum decompositions 

cHs,r,^n = N^r ® N- e xp, x+ = N+ n c\Sjr,^n, j = 1, k. 

By Theorem 11.11 there exist an open neighborhood Ujr of in C^{Sjr,^"'), an origin- 
preserving local homeomorphism Qj^- defined on Ujr and a map 



such that 



= ^[(5,,(0)x-,x-) + {Bjr{^)x+ ,x+)] +Z,,(V(xO) 

= + x+) + Qjv(x°) (3.14) 

for any + x" + x+ G t/jv n (iVjV ® ^Jr ® ^jt)> i = 1' ^- (Note: /3jv is and 
ajv IS C\ j = 1, fc). By Remark EJ and (l230l) it is easy to see that 

^\Ar{x)) = Aur{ij\x)) and ij\Br{x)0 = Bkr{i;\x))ij\i) (3.15) 



for any A; G N, X G (5^, 5^(0)) and ^ G C7H5^,M"). Moreover, ([31]) and (l33D 
imply that for * = 0, — , 

i;\K) = Ntr. ;p\Nt) = Nl and ^j^X^) = X^ (3.16) 

From this, ([3TTi|) and (fSTTS]) we get 

hr{4'Hy)) = kpr{y) VyG7V-ex+. (3.17) 

As in the proofs of j lH Lem. 3.2, 3.3] we can get 

Lemma 3.7 The iteration maps -ip^ : X+ X^^ and -ijj^ : N* ^ N^^ for * = 0, - 
are linear, continuous and injective. IfiT^kri^o) ~ ^rilo), the map -0^ : -^t^ 
is a linear diffeomorphism. -(f m^,-(7o) = "i?(7o); then the map ip'' : N!^ N^^ is 
a linear diffeomorphism, and the neighborhood Ujr o/ G C^lSjr,^""), the origin- 
preserving homeomorphism Qjr defined on Ujr and map hjr G C^{Ujr H Nj^,N^^ © 
■^jr)' i = 1)^; ^'"s chosen to satisfy: 

Ukrni^\CHSr,M.n)=4^HUr), (3.18) 
ekr O ^'^ = oQr-Ur^ ^^(^fc^IR"), (3.19) 

akrii^'^ix)) = ka{x) yxeUrH N^. (3.20) 
Proof. For the sake of clearness we give a detailed proof. For small 5 > let 
B^^^^ ■= {x G C\Sjr,MP) I ||x|bi < 5), j = l,k. 
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Then ip^iB^'''^) C -Sf By the proof of Step 1 in Section 3], if 5 > is sufficiently 
small, then for each € Nj^ n Bg'^\ hjr{x^) G Xj-^ is the unique solution of the 
equation 

Pj-^Ajrix"^ + = 0, 

where is the orthogonal projection from W^'''^{Sjr,'^^) to Nj-^, j = Suppose 
that P^Ar{x^ + hr{x^)) = for x° e D . By ip^ o P^^ = P^^ o ijj'' and the first 
identity in (IXT^ we get Pj^^Akriij'' {x^) + -ip^ {hr{x^))) = 0. This implies that 

huMHx''))=i^Hhr{x^)) VxO G n iVO. (3.21) 
As in [5 Section 3], for j = 1, A; let 

F'-^^\x^,X^)=ljr{x^ + hjr{x^)+X^)-2jr{x^ + hjr{x^)) 

Ft\^^) = \{B,r{Q)x^.x^)jr Vx^ G Xj-^. 
Then by ()3.2ip and the second identity of (j3.15p we have 

F^^^\^^{x^)) = kF!^^\x^) J 



(3.22) 



for any (x°, x^) G B^^^ n iV° x X^. 

Since i?,v : A^„^ — > A^,^ is an isomorphism there exists a constant A > such that 

J JT JT 

\\Bjr{<^)x%r > M\x^\\jT VX^ G Xj-^, j = l,k. 

Here || • \\jr is the norm induced by the inner product (•, •)jv on W^''^{Sjr, M"), j = 1, k. 
Consider the flow C^-'^s) = C^^\s,x-^) defined by the following ODE: 

Pjr(0)C(s)|lir 

on Xj-^ \ {0}, j = 1, k. It follows from the second identity in (j3.15p that 

i^''{C^^\t,x^)) = C^^\tJ^{x^)) Vx^gX^\{0}. (3.23) 

By the proof of Step 3 in [8, Section 3] , for any < e < A there exists < 5 <^ 5 
such that for each x^ G -Bj-'^^ n N^^ and X"*- G B^^'^^ (1 Xj-^ \ {0} there exists a unique 
tj{x^ ,x^) with 

|ti(x°,x^)| < - llx^ll,-. 

such that 

F^^^\C''^\ij{x^,x^),x^)) = f(J")(xO,x^), j = l,k. 
Given G Pf ^ n A^o and x-^ G B^^^ r\X^\ {0}, from (13:22]) - (|3:23]) and 

F2(")(C(^)(ti(xO,x^),x^)) = fW(xO,x^) 
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we derive 

= Ft\&\h{x'',x^),i''{x^))). 

Moreover, F^''''\c''''\ik{ij''{x^),i'^{x^)),i'^{x^))) = F^^''\'4j^{x^),'^^{x^)). Hence 
the uniqueness implies 

h{x\x^)=h{i>Hx''),i^Hx^))- (3.24) 
For j = 1, k, define ^^^^ : {B^f^ n iV? ) x (M^'^^ n Xj-^) X.^ as follows: 



if x-L = 0, 

C(-'')(ij(2;°,x^),a;^) ifx^/0. 



By (13:23]) - ([3:21]) we get 

for x° G 5^^^ n iV° and x-^ e sj^^ n X^. Then by Step 5 of the proof in [8» Section 
3] the desired Bjv is the inverse of the map 

(X°,X^) ^ {x°,^^j\x°,X^ - hjr{x°))) 

and is defined on Bi^^ n Nt X Bi^^ n X£ as well as on Bi^^ for some small < 60 < 6, 
00 00 00 

j = 1, k. By ([3:21]) and ([SlM]) we have 

efc.(^^(x°) + i^'ix^)) = ip'{er{x' + X^)) 

for any x° + x"^ G 5^^^ with x° G iV° and x^ G X^. Set 

j = l,k. (3.25) 

They satisfy (j3.18p and p.l9p . Lemma [3771 is proved. □ 

Take open convex neighborhoods of in N!^,N~ and respectively, U^,U~ 
and lA^ , and an open convex neighborhoods lA^^ of in such that 

:= e C Ur and V^'^ (ZY^) C C/fcr , 

^^(ZY+) C and Ukr ■■= 4^Hi^r) ® i^H^r) ® C C/fc,. 

By (|3.19p we have the commutative diagrams 
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and thus 



H.((£fc, O ek-r)kanUk^:{Ck-r oek^)ka H (Wfc^ \ {0});K) 

H"-((^fc^)fcc nefc^(Mfc^), (Zfc^)fc, n (Gfc^CMfc^) \ {0});K). 

Clearly, for 5q > sufficiently small, the sets 

y(^) := QriUr) and F^^) := efc^(^fc^) (3.26) 

satisfy (|3.13p . Note that Cjr o Qj^- = (3jr + ajr, j = 1,2, and that (G^v)* is an 
isomorphism, j = 1,2. Then for the open subsets y(^) and yC^) in (^M), Claim ESI 
is equivalent to 

Claim 3.8 tp'^ induces an isomorphism 
(V^'^), : H,{{(3r + ar)cnUr, 0r + a.)c n {Ur \ {0});K) ^ 

H*{{f3kT + afcr)A:c nZifcr, (/3fcr + afer)A:c H (Z^fc^ \ {0});]K). 

Moreover, the deformation retracts 

iv° e N- e x+ X [0, 1] ^ iv° e iv^^ e x+, (x° + x- + x+, t) 3;° + + 
e iv-^ e x+ X [0, 1] ^ 7v{|, e n-^ e x+ , (x° + x" + x+, t) ^ x° + x" + te+ 

commute with Claim [3^ is equivalent to 
Claim 3.9 tp'' induces an isomorphism from 

H40r + ar)c n {U^ e K © {0}), 0r + ar)c H ((Z^° Z^" © {0}) \ {0}); K) 

to + akr)kc n i^Hi^r) © {0}), 

(/3fcr + akr)kc n © © {0}) \ {0});K) . 

But -ip^ -M^ ®U~ ® {0} ^ '4>''{U^) e ^^{U~) {0} is a linear diffeomorphism and 

because of (|3.17p and (j3.20|) . Claim ESI follows immediately. We have proved that the 
homomorphism in (|3.3|) is an isomorphism. The other conclusions are easily obtained. 
Theorem 13. II is proved. □. 

Our proof methods of Theorem 13 . 1 1 ab ove can actually give the following abstract 
result. 

Theorem 3.10 Let Hi he a Hilhert space with inner product (•, and the induced 
norm \\ ■ , and let Xi he a Banach space with norm \\ ■ \\xi, such that Xi is a 
dense suhspace of Hi and that the inclusion Xi ^ Hi is continuous, i = 1,2. For 
an open neighborhood Wi of the origin 6i € Hi, suppose that fi E C'^~^{'Wi,W) has 
an isolated critical point 6i and satisfies the PS condition, i = l,k. Also suppose 



Ht {(Cr O eT)a HUt, (£x O §t)c H (U-r \ {0});K) 

H,{{C^)a n ©^{Wt), (C^)a n (0r(U^) \ {0});K) 
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that fi G (Wi n Xj , M) has an isolated critical point 6i and satisfies the conditions 
(FN2)-(FN3) and (CP1)-(CP2) in Section 1, i = l,k. Let Ai € C^{WnXi,Xi) 
and Bi G C{Wi, L{Hi, Hi)) be the corresponding maps satisfying (FN2)-(FN3), i = 
l,k. Assume that the Morse index and nullity m~{fi,9i) and mP{fi,9i) defined by 
Definition \1.3l i = l,k, are finite and satisfy 

m-(/i,^i) =m-(/2,02) and m^fi^Oi) = m\f2,92). 

(These imply that the negative space of Bi{9i) is contained in Xi, i = l,k.) 
Furthermore, suppose that there exist a constant k > and a linear embedding 'ip : 
Hi — >■ H2 such that 

(i) {il){x),'4){y))H2 = k- {x,y)Hi Vx,y G Hi; 

(ii) ip{Xi) C X2 and ||V'(2;)||x2 = ^ll^^llxi for any x G X; 

(iii) f2{i^{x))=k-fi{x)yxeHi. 

(These imply: V f2{ip{x)) = ^{V fi{x)) Vx G Hi, ^2(^(2;)) = and B2{'ip{x))o 

if) = if) o Bi{x) for any x G Xi, and thus il^\fjo : H^ H2 and ip\fj~ '■ H^ — > H2 
are linear isomorphisms.) Then for Ci = fi{9i) and any small e > there exists the 
topological Gromoll-Meyer pair of fi at 9i £ Hi, (Wi,Wf), i = l,k, such that 

{Wi,W,~) C (/fi[ci-e,ci + e],/fi(ci-e)), 
{W2, Wi) C (/2-^[c2 - ke, C2 + ke],f2Hc2 - ke)), 
{iP{Wi),i;{W,-)) C (H^2,^2~), 

and the homomorphism 

tp^ : H^ {Wi , Wi ; K) ^ {W2, ; K) 

is an isomorphism. Consequently, 

V'* : ^*((/i)cin[/f ,(/i)e,n(C/f ^ F,((/2)c,nc/f ,(/2)c,n([/f \{02});IK) 

is an isomorphism, where r]^'^\t,-) are the flow of the negative gradient of fi, and 

u?= U V^'Ht,W,), i = l,k. 

0<t<oo 

(This implies that for the topological Gromoll-Meyer pair (Wi,WjP) of fi at 9i £ Hi, 
i = l,k, with {ilj{Wi),ip(W^)) C (^2,^2")' homomorphism 

ij^ : H^ {Wi , W{- ; K) ^ {W2, ; K) 

is an isomorphism.) 

By this theorem (or the same proof methods as Theorem 13. ip we can get the 
following revision of Theorem 4.7 in p^]. 
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Theorem 3.11 Let 70 € EHr be an isolated critical point of the functional on 
EHr- If the iteration 7q is also isolated for some A: E N, and 

"^Mt(7o) = "^r,T(7o) and ^^(To) = "ii,r(7o), 

then for c = C^{p(Q) and any small e > there exist topological Gromoll- Meyer pairs 
of £f at 70 G EHr and of at 7^ G EHkr, 

{Wr,W-) d {{C^)-\c- e,c + el{C^)-\c- e)) and 
{Wkr.W^r) C {{Ctr\kc-keM + ke\,{Clr\kc-ke)), 

such that 

{',i;\Wr),'il^\W-)) C {Wkr^W^r) (3-27) 
and that the iteration map ip^ : EH^ EHf^j- induces isomorphisms 

{iP''), : H,{Wr,W-;K} ^ H4Wkr,W,;^;K). (3.28) 

Specially, (V"^)* = id, and (V''^)* ° (V'')* = (^'^')* ^/ iterations 7q and 7q' are a/so 
isolated, and 

^Ikiri^o) = "^Mr(7o) = m^rilo) and fn%ir{^^^) = m? ^^(7^) = m?^,(7o) 

In the remainder of this section we shall give the revisions of [12\ Section 4.3]. 
The passage from the line below [12 1 (4.49)] to the end of [12^ Section 4] is revised as 
follows. 

Theorem 3.12 For an isolated critical submanifold O = S^ • 70 of Cr in H-ria), 
suppose that for some A; G N the critical submanifold 'ip^{0) = Skr • 7o of Cj^t iiT' 
Hf^T-ioi^) is also isolated, and that 

m-^(7o)=^;(7o) and m°,(7o') = m°(7o). (3.29) 

Then for c = Cr\ 

Q and small 6 > there exist topological Gromoll-Meyer pairs of 
atO C Hria) and of Ckr at ip''{0) C Hkr{a^), 

{W{0),W{0)-) C {{Cr)~^[c-e,c + e],{Cr)-^{c-e)) and 
{W{i^\0)),W{^\0))-) C {{Ckrr\kc-keM + ke],{Ckrr\kc-ke)), 

such that 

and that the iteration map : Hr{a.) — > Hkriot^) induces an isomorphism: 
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Proof. Since 70 € C^{St, M), it is easy to check that for each j € N, 
This imphes that 

"rnJriMjr ■ 7o) = mj^ilo) and m°^([s]jr • To) = "^°t(7o) (3-30) 

for any [s]jr € Sjr, j = 1, k. 

Note that for sufficiently smah 5 > the set 

N{i^^{0))ij6) := {{y,v) £ 7V(V^'(0)) | y G ^P^{0), \\v\\jr < jS} 

is contained in an open neighborhood of the zero section of the tangent bundle 
THjria), j = 1, k. By P Th.1.3.7, p. 20] we have a C^-embedding from N{i;^ {0)){j6) 
to an open neighborhood of the diagonal of Hj^{a) x Hj^-ia), 

N{ij^{0)){j6) ^ H,r{a) X H,r{a), {y,v) ^ iy,expyv), 

which restricts to an C'^-embedding from 

X{^P^O)){j6) := N{ij^iO))ij6)nTCHSjr,M) (3.31) 

to an open neighborhood of the diagonal of 

(Hjria) n C\Sjr,M)) X (Hjria) n C\Sjr,M)), j = l,k. 

Here exp is the exponential map of the chosen Riemannian metric on M and (exp^ v){t) = 
expj^(^) v{t) G M. This yields a C^-difi^eomorphism from N{t/;^ [0)){j6) to an open 
neighborhood Qjsii^HO)) of ^•^(0), 

: N{i;^{0)){j6) ^ Q.-^IV'^^O)), = exp^(,) v{t) Vt G E (3.32) 

for j = 1, fc. (Note that it is not the exponential map of the Levi-Civita connection 
derived the Riemannian metric (( , ))jr on HjT-{a).) Clearly, 

^jr{y, 0) = y Vy G V^ (0) and ^jr{[s]jr ■ V, [s]jr ■ v) = [s],r ■ ^r{y, v) (3.33) 

for any {y,v) G Niip^ {0)){j5) and [s]jr G Sjr, j = 1, k. It follows that QjsO^^iO)) is 
an 5jT-invariant neighborhood of V'-'(O), and that is S'jT-equivariant, j = 1, k. We 
also require 5 > so small that Qjs{^-'{0)) contains no other critical orbit besides 
ip^{0), and that ^'jT-({y} x N{'ijj^ {0))y{jd)) and ipHO) have a unique intersection 
point y (after identifying ip-'{0) with the zero section N{ip^ {0)){j6)), where 

N{i;^iO))y{j5) := N{i,^ {0)){j5) r\ N{'iP\0))y, j = l,k. 

Let J^jr := Cjr o '^jr, it is C'^~^ and satisfies 

^jT{[s]jT ■ y, [s]jT ■ v) = Tjriy, v) 
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for any {y,v) G N{'ip^ {0)){j5) and [s\jr e Sjr, j = l,k. Following [H Tli.2.3] we 
may construct a Gromoll-Meyer pair of {O) as a critical submanifold of J-jr on 
N{^lJ^{0)){j6), 

{W{^^iO)),Wii;^{0))-), j = l,k. (3.34) 

Precisely, choose e > such that Tj^ has no other critical values in [jc — je,jc + je], 
and then define hjr{y,v) = XJ^jT-{y,v) + 11^11?,-, and 



(3.35) 



where positive constants A, ei and £2 are determined by the following conditions: 
A^(^''(0))(y) C W{^P^iO)) C iV(V'^'(0))(i5) n (T^,)-^[jc-je,jc + je], 



{dh,riy,v),dJ^,r{y,v)) > y{y,v) G iV(V'^^(0))(j5) \iV(V'^(0))(V) 



2 

2 



for J = 1, k. (Note that different from |14j the present S^v-action on N{ijj^ {0)){j6) is 
only continuous; but the arguments therein can still be carried out due to the special 
property of our S^v-action and the definition of J-jr-) 

For any y G ip^^O), ^jT\N{ipi{o)) (jS) ^ unique critical point = (y,0) in 
N{'tpHO))y{j6) (the fiber of disk bundle N{'tJ;HO)){j6) at y), and 

{W{iP^my,W{i;\0))-) (3.36) 
:= {W{i:^{0))nNiiP^{0))yij6), W{i;^{0)rnN{^P\0))y{j6)) 

is a Gromoll-Meyer pair of ^jT\N{1p^O})y{jS) its isolated critical point = (y,0) 
satisfying 

(t^(V^^-(0))h^,^.„ wi^pHo))^^^^J 1 

for any [s]jr G Sjr and y G ■iIj^{0)^ j = 1, k. By (j3.35p it is easily checked that 

^lj''{W{0)y)ciW{^\0%^y^ and i^'^ [W {0)y) d W {^\0))-, ^^^^ (3.38) 

for each y ^ O. Clearly, 

[W{'^^{0)),W{iP^{0))-) := (*,-.(T^(V^(0))),*,.(T^(V^(0))-)) (3.39) 

is a Gromoll-Meyer pair of Cjr at 'il)^{0), which is also Sj-r-invariant, j = 1, fc. The 
following commutative diagram 

{W{0),W{0)-) {W{ij''{0)),W{'il^''{0))~) 



(3.37) 



{w{o),w{o)-) (Ty(V'''(o)),w^(V'''(c))") 



implies that we only need to prove 
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Claim 3.13 ip^ induces an isomorphism 

Recall that the fiber NW (O)), , j is the subspace which is orthogonal to ([sl,v • 
7q)' in Tj^j ^^jHjT-{a^), j = 1, 2. We have a natural bundle trivialization 

r, : Nii;^{0)) ^ S,r ■ ll x A^(V^ (0))^. , (3.40) 

for j = 1, k. From this and (j3.37p - (|3.38p we get the commutative diagram 

{W{0), W{0)-) {S^ ■ 70 X W{0)^,,Sr ■ 70 x ^^(0)" ) 



no) 



{W{^\0)),W{^\0))-) (Sfc.-7o'xTy(V''=(0))^.,5fcr-7o'xTy(V'=(0));P 

So Claim 13.131 is equivalent to 

Claim 3.14 ip^ induces an isomorphism 

: H,{Sr-l^ X W{0)^,,Sr-lo X W{0):^^-^) ^ 

^*(^^- • 70 X W{^\0))^u,Skr ■ 70 X Wii;''{0))-,;K). 

Since (V''^)* : H^(^Sr ■ 7o;IK^) H^i^Skr • Iq]^) is an isomorphism, and 

Hg{Sr ■ 70 X W{0)^„Sr ■ 70 X T^(0)-„; K) 

^ (5, • 7o; K) ® Hg.j {W{0)^„W{0)-^ ; K) , 
i=o 

Hg{Skr ■ 70 X • 70 X T^(V'(0)):;..;IE^) 

j=0 

by the Kunneth formula, (it is where we need K to be a field). Claim [HTT^ is equivalent 
to 

Claim 3.15 induces an isomorphism 

This can be obtained by Theorem 13.101 immediately. Another proof of it is as 
follows. Let X(V'^ (0)) := Niil^^ (O)) nTC^{Sjr, M), i.e. 
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Then X{tlj^ {0))^j is a Banach space and dense in the Hilbert space N{tlj^ {0))^j , 
j = l,k. Denote by 

X{i^^{0)\,{j5) := N{i;^{0))^^mf]X{i;^{0)\,, j = l,k. 

Then ^jT\x{ipo{0)) (jS) is and satisfies the assumptions of Theorem ll.il j = 1, k. 
(These can be checked as in Section 2). Under the assumption (|3.29|) it is easily 
proved that J^rU(c))^o(5) at = (70, 0) and J^ferU(v'=(0)) kikS) at = (7o,0) have the 
same Morse index and nuhity (defined by Definition II .Sp . which are equal to 

m-^(7o) = rn~{-fo) and m^^(7o) - 1 = m^rilo) - 1> 

respectively. Let rj^^^t, •) and rj^'^^t, •) be the flows of negative gradients of Tt\n(0) (5) 

and ^fcr|Ar(^fe(c')) i,(kS)^ respectively. Note that 

'''0 

is the Gromoll-Meyer pair of J^jT\N{ip3{o)) (jS) at its isolated critical point = (79,0) 

^0 

as constructed in [4, p. 49], j = l,k. Set 

C/f = U r^^'Ht,Wii^^{0))^,), j = l,k. 

0<t<oo 

As in the proof above Claim we can prove that Claim [5^.151 is equivalent to 
Claim 3.16 ip^ induces an isomorphism 

{11^% : H,{{Tr)cnui'\ {{Tr)c\{0})nui'^;K) ^ H,{{Tkr)kcnui^\ {{Tkr)kc\{0})nui^^ ;K) , 
where Tjr = ^jrlNO^JiO)) jikS), J = 1> ^• 

This can be proved as in the proof of Claim 13.31 Hence we prove Theorem 13.121 
for the Gromoll-Meyer pairs in (j3.39p . □ 

Lemmas 4.12, 4.13 in [12j may be revised as the following two lemmas. 

Lemma 3.17 // 70 G E^- is an isolated critical point of Cr CL^d Cq(jCT-5 7oi 1^) 7^ 0, 
then 

q-2n<q- m^^{jo) < ^"(70) < q. (3.41) 

For an isolated critical orbit O = St-Jo of Cr, if Jo is not constant and Cq{Cr-, O; IK) 7^ 
0, then 

g-2n<(7-m°(7o) <m;(7o) <g-l. (3.42) 

Proof. Let 70 = (j)~^{'yo) be as in Step 1 of the proof of Theorem 13. 1[ Then 70 = 0, 
Cg{£r,0;K) ^ C,(/:,,7o;lK) / 0, and 

m-(7o) = m-{jCr,0) and m^^{jo) = m°(4,0) G [0,2n] 
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by ([2J2]) and (f2l3]) . ^Alh follows from Corollary O immediately. 
For the second conclusion, by (|3.39|) and (j3.4Up we have 

/ Cg{Cr,0;K) 

^ HgiWiO),WiO)-;K) 

^ HgiWiO),WiOy;K) 

^ Hg {Sr ■ 70 X W{0)^, , 5, • 70 X W{0):^^ ; K) 

= Cg_i(J^T-|Ar(0)^o(<5),0;lC). 

Since -?v|7v(C')^q((5) has the Morse index m~(7o) and nullity m^(7o) — 1 (defined by 
Definition II. 3p at its isolated critical point = (70,0), the desired claim follows from 
Corollary 01 □ 

Lemma 3.18 Suppose that Cq{Cr,0;M.) ^ for O = Sr ■ If either O is not a 
single point critical orbit and q > 1, or O is a single point critical orbit and q > Q, 
then each point in O is non-minimal saddle point. 

Proof. When O is a single point critical orbit and (7 > 0, the conclusion follows 
from [a Ex.1, p.33]. 

Now assume that O is not a single point critical orbit and q > 1. By the proof 
of Lemma EIZl Cg_i(.F,U(o)^^(5), 0; K) ^ C,{Cr,0-K) + 0. Since = (70,0) is 
an isolated critical point of Tr\N(p)^Q{&) ^"^^ (7 — 1 > 0, we derive from ^ Ex.1, 
p.33] that is a non-minimal saddle point of J^t\n{0)-,q{&)- This implies that 70 is 
a non-minimal saddle point of Lt on the submanifold ^'^(A^(0)^(,(e)) C ¥1^(0) (and 
therefore on Hria)). □ 

4 Revisions of Proofs of Main Theorems 

4.1. The revision of Theorem 1.1 in |12|, Section 5]. All 'T^v is C^-smooth" 
are changed into "jCjv is C^"*^", j = 1, k. All m~_ and m^^ are changed into m~_ and 
mfj^, j = 1, k. Lemma 5.2 in [12j is revised as follows. 

Lemma 4.1 For each A; G N there exists 7^ € /C(£fe^,a^'^) such that 

CriCkr, 7fc; IK) / and r - 2n < r - r4rh'k) < ^kMk) < r. 

The passage "Noting (5.4), the desired inequalities follow immediately." from 
line 8 from bottom to the end of the proof of that lemma on the page 3011 of |12j is 
changed into: "The Lemma 13.171 gives the desired inequalities immediately." 

The following lemma is the revision of Lemma 5.3 in jl2]. 
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Lemma 4.2 Without Assumption F{a), let 70 be an isolated critical point of Cr in 
HT-{d^) such that ^qTM Sr is trivial. For every integer q >n + l, let k{q,^Q) = 1 
if rn^ {-Jo) = 0, and k{q, 'jo) = if {'yo) / 0. Assume that 7q is also an 

(70) 

isolated critical point of Ckr for some integer k > k{q,jQ). Then 
Proof. It follows from Corollary 11.41 that 

where a^r is given by (j3.14p and is defined on a manifold of dimension wi^^(7g ) < 2n. 
If (70) = 0, by (|2.15p we have < m^^(7Q ) < n — rn1^{yQ) and therefore 

q - M-^(7o ) >q-{n- m^krilo)) > 1 + ^L(7o)- 

This gives C^__--^f^^^k){akr,0;K) = 0. 

If (70) > 0, by (|2.15p we have kfn^ (70) — n < m^^(7Q ) and thus 

q - "i^^(7o ) ^ 9 - (^^r (70) -n) =q + n- kln^ (70) < 
if A; > -r2±^. This also leads to C-- , ^sfofc^, 0; K) = 0. □ 

As a direct consequence we get the following revision of Corollary 5.4 in [12]. 

Corollary 4.3 Under Assumption F{a), for every integer q > n + 1 there exists a 
constant ko{q) > such that 

Cg{Ckr,y;K)=0 yyGlC{Ckr,a''l 
for every integer k > ko(q). Here k{){q) = 1 ifm^ (jj) = for all 1 < j < and 

A:o(g) = 1 + max<^ — {-fj) 7^ 0, I < j < p> 

^ L"^r (7i)J J 

otherwise, ([s] denotes the largest integer less than or equal to s). 

The others arguments in [12\ Section 5] are still valid with necessary replacements 
for cited results. 

4.2. The revision of Theorem 1.4 in [T2|, Section 6]. All 'Xf^ is C^-smooth" 
are changed into ">C^ is C^^°", j = 1, k. All rn~[j^ and rn^ are changed into ^ijt 
and j^, respectively, j = 1, k. In particular, Lemma 6.2 in [12] and its proof are 
revised as follows. 

Lemma 4.4 Under Assumption FE, for any integer number k > ko, every isolated 
critical point z of Cf^ has the trivial (n + l)th critical module, i.e. 

Cn+i{Cl,z;K)=Q. 
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Proof. Let z = and thus = 5 = 7*^ with = 7j = {ct>r) As in the proof 

of Lemma 14.21 from Corollary 11.41 we derive 

C„+i(£f,,7o;K) = C„_,i_— ( .)(af,,0;IEC). 

Here a^^ is corresponding to otkT given by (j3.14p and is defined on a manifold of 
dimension wP^^kril'j) < 2n. If C„+i(/:f^, 70; K) / 0, then 

m-,,(7i) < n + 1 < m-,^(7^) + m?,,,(7^). (4.1) 

As in the original proof, it follows from this that 

2kiri~{-ij) -n< 2m^^{-ff) < 2n + 2. 

Therefore, when fn-, ^(71) > 0, k < \ Jj"-+^ 1 which contradicts to A; > fen- 

' 2mi,T-(7j) -' 

When T-(7i) = 0) (|2.19p and (|4.ip also give a contradiction. The desired result 
is proved. □ 

4.3. The revision of Theorem 1.6 in [12, Section 7]. All mj^ and mfj^ are 
changed into m~_ and nj^^, j = 1, k. Lemma 7.2 in [12j is revised as follows. 

Lemma 4.5 For each k £ N there exists = S^t • 7o G ^^i^kri c^'^) such that 

a(/:fcr,Ofc;K) y^o. 

Moreover, r — 2n < r — m^^(7o) < m^^(7o) < r if 'Jq is constant, and r — 2n < 
r — m°^(7o) < m^^(7o) < r — 1 i/70 is noi constant. 

Proof. The proof of the first claim is the original one. The others follow from 
Lemma 13.171 □ 

Lemma 7.3 in [12] and its proof are revised as follows. 

Lemma 4.6 Under Assumption FT(a), for every integer q > n + 1 there exists a 
constant k^iq) > such that 

for every integer k > ko^q) and Ok € )CO{CkT, a'^)- Here koiq) = 1 ifrUj. (7^) = for 
all 1 < j < p, and 



ko (g) = 1 + max 



q + n 



ilj) 7^ 0, 1 < j < p 



(7i). 
otherwise. 

Proof. Let Ok = Skr ■ 7j • If 7j is constant, by the proof of Lemma 14.21 we have 

C,{Ckr,Ok;K) = C,{Ckrn'};^) = 
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for any k > k{q,'yj), where k{q,'yj) = 1 if m,- (7^) = 0, and k{q,^j) = if 
^7(7j) / 0. 

Suppose that 7j is not a constant solution. If Cq{CkT,Ok;^) ^ 0, Lemma [3.171 
yields 

m-^(7^) <q-l< rn-^{7^)+ml{j^) - 1. (4.2) 
If #ir(7i) > 0> it follows from and (|XTU|) that 

A;m^ (7i) - < "ifcrC^i ) < 9 " 1 
and therefore A; < Tt-"~"^ . This contradicts to A; > kQ{q). liniri'yi) ~ by (j2.16p . 

m,, {7j) 

0<m^,(7j^) <n-mO,(7^^), i.e. ^-^(7^^) + mO,(7^^) < n Vfc G N. 

Since q > n + 1, ()4.2p implies that 711,^^(7^^) + m^^(7j^) > n + 1. This also gives a 
contradiction. Lemma 14.61 is proved. □ 

For the remained proof, besides some necessary replacements for cited results, we 

change "Under Assumption FT{a) for any k G Q." in lines 13-17 in [12, p. 3022] 

into: 

"Under Assumption FT[a) we apply Lemma 14.51 to all k G {2™ [ m G {0} U 
N} to get an infinite subsequence Q of {2™" [ m G {0} U N}, some / G N and an 
7 G {71,- ■■ ,7p} such that Cn{Ckir,Skir ■ 7'''; IK) / 0, m^i^ij''^) = rnj;{-f^) and 
m^;^(7'^') = rn^^{j^) for any k £ Q. As before we always assume / = 1 in the 
following. Then we have 

Cn{jCkr,Skr-l'';^)^0 and 
m^ri^^) = m-{-f), m^^(7^) = m°(7) 

for any k G Q." 
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